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Let B be a commutative Banach algebra and m a homomorphism of 
B into the complex scalars C. By a bounded point derivation of B at m 
we mean a bounded linear functional d on B, d # 0, satisfying 
4fg) =f(m) 444 + g(m) d(f) for all f, g in B. 
Let now X be a compact set in the z-plane. Denote by R,(X) 
the algebra of all rational functions having no poles on X. Let R(X) 
be the closure of R,(X) in the uniform norm on X. R(X) is then a 
Banach algebra in this norm. 
It is well known that the homomorphisms of R(X) into the scalars 
are all of the formf-+f( x ), w h ere x is some point in X. We identify 
the point x with the homomorphism it induces. 
Fix x in X. It is easy to verify that there exists a bounded point 
derivation at x if and only if 
If’(x) I < k * Ilf II for some constant k (1) 
and all f in R,(X). 
It is clear that (1) holds at each interior point of X. From now on 
we restrict attention to sets X without interior. On the other hand, 
it is known that the algebra of all continuous functions on X, denoted 
C(X), admits no bounded (or indeed unbounded) point derivation [I]. 
Hence if R(X) = C(X) f or some X, then R(X) has no bounded point 
derivations. 
In [2] Mergelyan described a class of compact plane sets X which 
have no interior and for which R(X) # C(X). To construct such a 
set one removes from the closed unit disk a countable union of disjoint 
open disks Di , i = 1, 2 ,..., such that the sum of the radii of the Di 
is finite and such that no interior points are left. The resulting set, 
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i.e., the closed disk minus the union of the Di , is called a “Swiss 
cheese”. 
Some time ago, A. Browder showed that there exist many Swiss 
cheeses possessing many bounded point derivations of R(X). He 
obtained a sufficient condition (Theorem 2 below) in order that there 
exist a bounded point derivation at a given point of X, and he con- 
jectured that some Swiss cheeses have no bounded point derivations 
at all. Our main object here is to give an example proving this con- 
jecture. 
THEOREM 1. There exists a Swiss cheese X0 such that R(X,) 
admits no bounded point derivation. 
Later on we give some conditions on a Swiss cheese X that assure 
the existence of some bounded point derivations on R(X). We do 
not know a necessary and sufficient condition on X for this problem. 
For the following, 8 will be a closed region whose boundary consists 
of the unit circle and a finite number of disjoint circles lying inside 
the open unit disk. 
M and E are fixed positive numbers and E < 4 . 
LEMMA 1. There exist numbers 6 > 0, c > 4, and an integer n, , 
all depending on Q, andfor each 2: in 9 there exists e(z), 0 < 13(z) < 237, 
such that the following holds: 
Put 
Then for all z in Q, 
(a) W, CQ. (b) Let n > n,. If 5 E W, and 1 5 - x 1 > c/n, 
then distance (5, aQ> > 4/n. 
The proof is elementary and tedious and will be omitted. 
Notation. Fix a positive integer n. Put 
and 
Let 
S = {(j, k) 1 Djk C fi}- 
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The overbar and superscript circle denote closure and interior, 
respectively. 
LEMMA 2. There exists an integer n(E, M, Sz) such that for 
n > n(E, M, Q), we hawe 
Proof. Let 6, c, n, be the numbers associated to 9 by Lemma 1. 
Fix some integer 12 > n, . 
Denote by Ajk the closed square with corners <jk , I;jfl,k , [j+l,k+i , 
5 j,k+l * 
Fix x in Q. Denote by S(z) the set of points (j, K) in S such that 
An lies entirely in the region: (5 1 1 5 - z 1 > l/n}. 
Consider now some (j, k) in S(z). Choose 5 in Aj, . Then 
But 1 x - 5 1 > l/n. Hence / z - [jk 1 < 3 1 z - 5 1 , and so 
1 z f,, (2 b f ( z -! 5 12 * 
Integrating over A,, , we get 
Hence 
where 
We claim 
Q(z) = u 4, - 
(j.k)ES(s) 
I . 
For consider co in IV, n {[ 1 I 5 - z I > c/n). By Lemma 1, to is 
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at distance at least 4/n from aJ2. Hence we can find (j, K) in S with 
[O in Aj, . For 5 in Ajk , 1 5 - co 1 < d/2/n. Since 
Thus (j, K) is in S(x), and so lo lies in O(z). This proves our claim. 
Hence 
the integral being taken over W, n {[ 1 1 5 - x 1 > c/n>, 
=- 
9’ s 
@(Z)f77/4 de Ji 2. 
e(z)-?7/4 cln r 
For n large enough (independent of z), the right side exceeds M. 
Q.E.D. 
LEMMA 3. Let n be any positive integer and use the notations as above. 
Set 
Q*=Q-- (J Djk. 
(i.kES 
Then 
ji3r all z in Q*. 
Proof. Fix z in Sz *. Denote by T(z) the set of (j, k) in S with 
1 z - lil; I < l/n. Fix (j, K) in S - T(a). Let 5 E Aj, . Then 
Since (j, k) E S - T(z), 1 x - cik I > I/n. Thus 
I 5 - ,‘z I d I z - 5ir I * 3, 
and so 
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Integrating over Aj, , we get 
Hence 
NOW fix (j, K) in T(Z). Since z E Q*, 1 5jk - z ( > l /n2, SO 
l/j [jk - z / < G/E. s ince T(x) contains at most 4 elements, 
Hence 
Proof of Theorem I. We shall construct a nested sequence of 
regions whose intersection is the set X,, whose existence is asserted. 
Choose a sequence {cj} of positive numbers with gj < 2-1, 
~~~I Ej < 03. Put QO = {a ( 1 x ( < I> . By our Lemmas, there is some 
integer n, such that the following holds: 
Put 
Then 
and 
Proceeding by induction and applying our Lemmas, we obtain for 
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every integer m > 0 a region B, and an integer n,, , disks Dtm’ with 
fk 
center c!? and radius E 31 /n 2 such that m m 
and 
and 
Q,,, = sZ,,+, - u Dj$, s, = {( j, k) 1 @km) c c$+*}, 
(i.kES, 
for a11 z in Qm. 
(a?72 
bn) 
Put x0 = n;=, sz, . Thus X0 is obtained from the closed unit disk 
by deleting the disks Dip’ for m = 1,2,..., where foreeach fixed m ( j, K) 
ranges over S, , the set of all (j, K) with Dip’ C 52,-, . Denote the 
radius of a disk K by r(K). Now S,,, contains at most (2nnJ2 points 
and r(D:r’) = l n/(n,J2. Hence 
Fix z* in X0 . We want to show that (1) fails at z*. Fix an integer 
m > 0. Since z* E Q, , 
Define numbers cjk such that 1 cjk 1 = 1, and such that 
(4nm2) cik 4nm2 
<qy - .*y = 1 qp -z* (2 ’ all (ik)ES,. 
Define a function f by 
sS011lr-3 
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Then f is rational and its poles are at the points <z’ and hence not 
in X,, . Thus f E R&X,,). Also 
by (a,,). At last, by (b,), 1 f(z) I‘< 50 for all z in f2,n and hence for all 
z in X0. 
Since we can construct such an f for every m, (I) does not hold at 
a*. X0 is thus the desired Swiss cheese, and Theorem 1 is proved. 
THEOREM 2 (Browder). Let X be the Swiss cheese obtained by 
removing from the closed unit disk the open disks D, with centers ai and 
radii rz’ , i = 1, 2 ,..., zizl ri < co. Fix z in X, z $ aD, for any i, 
and/z/ #l,suchthat 
Then there exists a bounded point derivation on R(X) at x. 
Proof. Put P = u: aD, u {z 1 1 z 1 = l} . By Cauchy’s formula 
we have for each f in RO(X) 
whence 
where a5 denotes arc length. Since 
1 
I 
ds ri 
2w ,c-a‘,-rc 1 I - 2 I2 = I 2 - a( I2 - ri4 ’ 
(1) holds at z provided 
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for some constant C and all large i, since (*) implies that ri// z - ni j2 
tends to 0, and also Y* tends to 0. Hence, again using (*), we get that 
(1) holds at x. Q.E.D. 
COROLLARY. Let X be as above and assume 
f ri log (+) < co. 
i=l 
Then there exist bounded point derivations on X, almost everywhere 
-dx dy. 
Proof. For each i, 
J-s dx dy I s 2n d8 x 1 x - ai I2 ’ O 2 rdr - +, r2 =27T log2+logJ-1. I 1 
Because of (2), 
gr*// dxdy < 00. 
X I z - ai I2 
By Fubini’s theorem, 
03 
II Ix 
Yi 
x r=l I 2 - 4 I2 I dxdy < co, 
whence 
Thus (*) holds a.e., whence by Theorem 2, there is a bounded point 
derivation a.e. on X. 
Note. It is known [2] that every Swiss cheese has positive plane 
measure, so the preceding Corollary yields “many” bounded point 
derivations on X. 
The following question is apparently open and is perhaps related to 
Theorem 1: Does there exist a commutative Banach algebra B 
with unit, having maximal ideal space M and Silov boundary aB, such 
that 
(i) M is larger than aB, and 
(ii) There exists no bounded point derivation on B ? 
Our algebras R(X) of course do not satisfy (i). 
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